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We present a bivariate population balance-based formulation of the performance of
well-mixed adiabatic combustors fed by ethanol (EtOH)-containing sprays of prescribed
droplet size distribution (DSD) and composition. Our historically interesting example is
the fuel-cooled V-2 chemical rocket—using 75 wt % EtOH þ H2O solution, and oxidizer
O2(L). Of special interest are the predicted combustion ‘‘intensity’’ (GW/m3) and efficiency
(EtOH fraction vaporized) at each ratio of combustor mean residence time to feed-droplet
characteristic vaporization time. Our formulation exploits a quasi-steady, gas-diffusion-
controlled individual droplet evaporation rate law, and the method-of-characteristics to
solve the associated first-order population balance partial differential equation governing
the joint distribution function n(m1, m2) of the fuel spray exiting such a chamber, where
m1 ¼ EtOH mass/droplet, and m2 ¼ H2O mass/droplet. Besides the combustor efficiency
and intensity, this bivariate distribution function enables predictions of corresponding
unconditional DSD, and the joint distribution function(diam., droplet temperature)—
perhaps measurable. Our numerically exact formulation/results also provide valuable test
cases for convenient approximate methods (bivariate moment and spectral/weighted resid-
ual) to predict these ‘‘correlated’’ bivariate distribution functions in more complex situa-
tions. VVC 2011 American Institute of Chemical Engineers AIChE J, 57: 3534–3554, 2011
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Introduction: Background, Motivation,
and Objectives

Spray-fuel fed steady-flow combustors can profitably be
investigated by adopting a population-balance viewpoint (e.g.,

Ref. 1)—coupling the evaporating fuel spray population with
the surrounding gas mixture (assuming the oxidizer is gaseous,
e.g., O2-enriched, or, perhaps, ‘‘vitiated’’ air). In Ref. 1, we
treated the limiting case of a well-macromixed adiabatic com-
bustor containing single-component (kerosene-like) droplets
but allowed for the intrinsically transient nature of the gas-dif-
fusion-controlled droplet vaporization process—especially im-
portant for high-pressure (above ca. 10 atm for such hydrocar-
bons) operation. We demonstrated that the performance of
such device could be calculated in terms of the univariate
fuel droplet number density distribution function: (NDDF)

Preliminary versions of portions of this article were presented at AIChE 2008
Annual Meeting (Philadelphia) Paper #156d, and AIChE 2010 Annual Meeting
(Salt Lake City) Paper #694a.

Correspondence concerning this article should be addressed to D. E. Rosner at
daniel.rosner@yale.edu.

VVC 2011 American Institute of Chemical Engineers

3534 AIChE JournalDecember 2011 Vol. 57, No. 12



n(v)—in terms of which the combustor efficiency and ‘‘in-
tensity’’ (chemical heat release rate per unit volume) could
be readily calculated via quadratures. In this present exten-
sion of Ref. 1, we now formulate/present the results of a
bivariate population balance (PB)-based theoretical analysis
of the performance of well-(macro-)mixed adiabatic combus-
tors fed by ethanol (EtOH)- containing sprays of prescribed
droplet size distribution (DSD) and composition. One of our
goals is to anticipate some features to be expected when
using a prominent ‘‘bio-fuel’’ like EtOH—which has the in-
triguing property of absorbing its own combustion product
(H2O)! However, our ‘‘pre-bio-fuel’’ historically relevant/in-
structive numerical example will be the rather well-docu-
mented liquid fuel-cooled V-2 chemical rocket—which
actually used 75 wt % EtOH þ H2O solution as its ‘‘fuel,’’
along with the cryogenic oxidizer O2(L) at a chamber pres-
sure of 15 atm. Of special interest are our predicted combus-
tion intensities (chemical energy release rate, GW/m3), and
efficiencies (related to EtOH fraction vaporized) at each ‘‘va-
porization Damköhler number’’ (i.e., ratio of combustor
vapor mean residence time to feed Sauter-mean-diameter-
(d32)-based quasi-steady (QS)-droplet vaporization lifetime).
Our present formulation exploits a QS gas-diffusion-con-
trolled and internally well-mixed individual droplet evapora-
tion rate law, and we exploit the formally exact method-of-
characteristics to solve the associated first-order population-
balance partial differential equation (PDE) governing the
joint NDDF exiting such a chamber. We demonstrate that
this NDDF also enables predictions of corresponding uncon-
ditional DSD as well as the possibly (remotely-) measurable
joint distribution function in terms of droplet diameter and
droplet temperature. Apart from their intrinsic multiphase
chemical reaction-engineering interest, as an instructive, trac-
table limiting case, our numerically exact formulation/results
can now also provide valuable ‘‘meter-sticks’’ for computa-
tionally convenient approximate population balanced equa-
tion (PBE) solution methods (e.g., bivariate quadrature
method of moments (QMOM) and spectral/weighted resid-
uals) to predict such ‘‘correlated’’ NDDFs in more realistic/
complex spray combustor environments. We will also be able
to demonstrate the inability of a seemingly plausible ‘‘pseudo-
unary’’ approximation to capture key features of the combus-
tion intensity achievable in such alcohol-fueled combustors.
Lastly, generalizations of possible future interest to chemical
reaction engineers will be outlined.

It should be recognized that such spray fuel fed combus-
tors are now common to many strategic technologies, span-
ning commodity chemical synthesis, power generation, and
chemical propulsion (both aircraft- and rocket-based).
Although many important design-constraints obviously differ
from application-to-application, such combustors share cer-
tain common performance characteristics, and the high cost
of conceiving/developing/testing new devices certainly pro-
vides powerful economic incentives to develop rational yet
tractable design methods for them. Of course, the variety
and complexity of spray combustors, together with the spar-
sity of well-characterized/documented performance data,
continues to pose formidable challenges to analysts and
designers. A broad spectrum of mathematical/numerical tools
and models is, in fact, needed to provide timely information
about how the device performance will depend on such fac-

tors as: geometry, inlet conditions (both liquid phase and gas
phase), liquid fuel properties, and injector (‘‘atomizer’’) per-
formance. Such information can, of course, not only be used
for purposes of engineering design but also to anticipate the
consequences of, say, fuel substitution, oxygen enrichment
(nitrogen reduction), introduction of fuel blends or additives,
and even to guide the model-based control strategies.

This work is motivated, in part, by the belief that rational
yet tractable computational models will require more than
advances in computer science/technology. Because of the
wide range of operative (length and time) scales encountered
in this class of multiphase chemically reacting flow prob-
lems, in the foreseeable future clever approximations, often
based on rational asymptotic methods applied to simpler
‘‘model problems,’’ will continue to be required to capture
the essential physicochemical phenomena while keeping the
associated numerical simulations manageable.

This work, offered in this spirit, will hopefully play a role
in cutting the currently high cost and lead times for new
spray combustor R&D. Specifically, for this present paper,
our goals include providing: (1) A tractable, population-
balance based mathematical model to economically guide
the development of more comprehensive models of continu-
ous spray combustor performance; (2) ‘‘Metersticks’’ for the
testing/evaluation of rival mathematical/numerical methods
(QMOM, Monte-Carlo,…) to solve such multivariate popula-
tion-balance problems; (3) an instructive extension of our
previous ‘‘univariate’’ analysis (Ref. 1) of pure fuel (unary-)
spray combustor performance; (4) insight into the behavior
of an important ‘‘biofuel’’ (here EtOH) which is a solvent
for its own combustion product (H2O); (5) a basis for needed
extensions to embrace more complex fuel blends, intra-drop-
let diffusional resistance, inclusion of chemical kinetic limi-
tations on efficiency, predictions of pollutant production, etc.

The following account of our present theoretical approach,
illustrative results, and discussion is structured as follows: The
idealizations and basic assumptions underlying our mathemati-
cal model are first set forth in the ‘‘Mathematical Model:
Idealized Ethanol-Fueled Spray Combustor’’ Section, which
includes a summary of our QS treatment of individual binary
droplet vaporization as well as the PBE that couples the spray
vaporization dynamics to the current ambient conditions in the
combustion chamber. In this section, we also explain the basic
property data considered in the numerical calculations. Our
formally exact Eulerian characteristics-based bivariate popula-
tion balance method for dealing with the evolution of a pre-
scribed injected 2-component (EtOH þ H2O) spray is pre-
sented in the ‘‘Theoretical Development: Choice of Mathemat-
ical and Numerical Methods’’ Section. Our iterative method
for coupling the vaporizing binary fuel spray with the ‘‘sur-
rounding,’’ combusting gas phase is shown in the ‘‘Coupling
Between the Dispersed (Fuel Spray) and Continuous Phases;
Self-Consistent Steady-State Chamber Composition and Tem-
perature’’ Section. Here, we also identify/outline the computa-
tion of two dimensionless performance indices of special im-
portance, viz. the loss in efficiency associated with the frac-
tion, f1,unevap, of the original EtOH-containing* liquid spray

*Although we select ethanol for our present illustrative numerical results, the pres-
ent analysis will clearly carry over without change to the alternative bio-fuel meth-
anol (¼¼CH3OH)i.e., only the values of our key parameters (fstoich, Qcomb, Lvap,…)
need be modified, not our procedures.
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which remains unevaporated in the available mean chamber
residence time, and the volumetric chemical energy release
rate (i.e., combustion ‘‘intensity’’) associated with steady, adia-
batic operation. This provides the basis for the theoretical/com-
putational developments outlined in the ‘‘Theoretical Develop-
ment: Choice of Mathematical and Numerical Methods’’ Sec-
tion, which describes our ‘‘exact’’ numerical solution strategy.
Our numerical illustrations and several parametric studies are
collected in the ‘‘Illustrative Quantitative Results: Von Braun’s
V-2 Liquid Propellant Rocket Motor’’ Section, emphasizing
results for the historically important special case of the EtOH-
fueled German V-2 liquid propellant rocket motor of World
War II. Following a critical discussion of these new results,
we refocus on our principal new underlying assumptions in
our ‘‘Discussion: Defense of Assumptions, Implications of
Results, and Applications’’ Section, defending some and
delimiting the validity of others. Immediate and/or less-
obvious implications and extensions are also indicated there.
The Conclusions and Broader Engineering Implications Sec-
tion, which completes this article, summarizes our principal
conclusions and recommendations, re-emphasizing the poten-
tial value of this class of theoretical models for the pre-
liminary testing of conjectured simplifications. For a more in-
depth discussion of complementary spray-combustor perform-
ance models that have been developed in the last 100 years,
the reader is directed to Ref. 2.

Mathematical Model: Idealized Ethanol-Fueled
Spray Combustor

Underlying assumptions

In this model, we assume that the spray droplets are inter-
nally well-mixed, i.e., droplet composition as well as droplet
temperature, depend only on time, but not on radial position
within each droplet. Later, when we solve the PBE that
determines the evolution of the spray, we will also assume
that all the droplets in the spray are at their respective ‘‘wet-
bulb’’ temperatures (TWB), which, as shown below, depends
only on droplet composition, but is independent of droplet
size. As a consequence, the population of spray fuel droplets
is considered bivariate, which can be described either by the
amount of EtOH m1 and water m2 in each droplet, or by any
other choice of equivalent variables, such as total mass m ¼
m1 þ m2 and droplet composition (e.g., in terms of EtOH
mass fraction x).

As shown below, the assumption that each droplet in
the spray is at the corresponding composition-dependent
(and time dependent) TWB relies on two further assump-
tions: the initial spray temperature is close to TWB corre-
sponding to the initial spray composition and the droplet
temperature remains at the time-dependent TWB as its com-
position changes (because EtOH vaporizes faster than water).
The first assumption was explicitly examined in Rosner
et al.1 The second assumption has been justified using illus-
trative calculations of time evolution of individual droplets
under prescribed ambient conditions, where it is shown that
the temperature adjusts almost instantaneously to the time
dependent TWB.

On the other hand, the combustion chamber will be con-
sidered well-macro-mixed, described by overall, time-inde-
pendent values of the time- and volume-averaged tempera-

ture, and composition. Of course, this forfeits potentially
useful spatial information—for which higher dimensional
models are needed.3,2

Quasi-steady diffusion-controlled rate laws
governing _m1 and _m2

Rate laws that govern the time evolution of EtOH (sub-
script 1) and water (subscript 2) mass (m1 and m2), and
energy, for each individual droplet, are required. In this
model, we consider the droplets to be internally well-mixed.
As a consequence, the evolution rate laws are dictated by
the mass and energy balances at the droplet radius (R)—i.e.,
at the L/V interface between the liquid droplet and its sur-
rounding atmosphere. The QS rate laws adopted for m1 and
m2 are given by the following expressions

dm1

dt
¼ �4pR2 � Pem qrefDref

x1;w

R

�
þ F Pemð Þ qfD1;f

x1;w � x1;e

R

�
ð1Þ

dm2

dt
¼ �4pR2 � Pem qrefDref

x2;w

R

�
þ FðPemÞ qfD2;f

x2;w � x2;e

R

�
ð2Þ

Here Pem is a mass-transfer Peclet number, defined by Pem :
vwdw/D, which can be shown to be related to the mass driving
force (Bm) by:

Pem ¼ ln 1þ Bmð Þ; F Pemð Þ ¼ ln 1þ Bmð Þ
Bm

(3)

with

Bm ¼
D1;f

Dref
ðx1;w � x1;eÞ þ D2;f

Dref
ðx2;w � x2;eÞ

1� x1;w � x2;w
(4)

Note that, in the limit that species 1 and 2 become
indistinguishable, these equations reduce (as they must) to
the familiar QS-evaporation rate equations for a single
component droplet (see, e.g., Ref. 4).

In the former expressions, q is the gas mass density, xi

the mass fraction of species i, subscripts w and e refer to the
droplet surface and exterior (far-field) gas conditions, respec-
tively, whereas subscript f refers to evaluation at average
‘‘film’’ conditions in the gas (determined here according to
the familiar 2/3 rule: Xf ¼ (2/3) Xw þ (1/3) Xe—for any
quantity X), and subscript ref refers to ‘‘reference’’ condi-
tions (which has been assimilated here to the average ‘‘film’’
conditions, i.e., qref ¼ qf). The reference value of the Fick
diffusion coefficient Dref appearing in Eq. 4 is defined as

Dref �
D1;f x1;w � x1;e

�� ��þ D2;f x2;w � x2;e

�� ��
x1;w � x1;e

�� ��þ x2;w � x2;e

�� �� (5)

where D1,f is the Fick diffusion coefficient of species 1 (EtOH)
in the mixture at average film conditions (see Rosner4 chapter
3.4.4, Eqs. 3, 4–9)), and where D2,f has been approximated by
2 D1,f for simplicity.
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In general, a superscript L will be used for any quantity
pertaining to the liquid phase, and no superscript will be
used for quantities in the gas phase. Thus, x1,w is the mass
fraction of EtOH at the droplet surface on the gas side.

Single-droplet energy balance and the
‘‘wet-bulb’’ temperature condition

An energy balance condition at the droplet surface pro-
vides the corresponding QS-rate law for droplet temperature:

m1þ m2ð ÞcLp
dTw
dt

¼ L1
dm1

dt
þ L2

dm2

dt
þ 4pR2F Pemð Þkf Te � Tw

R
(6)

where cLp is the prevailing liquid specific heat at constant
pressure, Li are the corresponding latent heats of vaporization,
and k is the gas mixture thermal conductivity. A small
correction to the energy balance due to the ‘‘heat of mixing’’ is
neglected for this high-temperature EtOH þ H2O system.

As mentioned before, in these calculations, it will be
assumed that the droplets in the spray attain their stable
‘‘wet-bulb’’ temperature (TWB) on a time scale much shorter
than any of the relevant time scales in the problem, i.e.,
much shorter than the characteristic times for vaporization
and exiting the chamber. For instance, this could be easily
achieved by preheating the spray to a temperature close to
TWB, which is independent of droplet size (as can be seen by
inserting dTw/dt ¼ 0 in Eq. 6), before spray injection. In this
case, as the droplet composition will not be constant
throughout the vaporization process (because EtOH is more
volatile than water), the droplet TWB will change as vapori-
zation proceeds. However, as shown below, if the droplet
initial temperature is already near TWB (corresponding to ini-
tial composition), then the droplet temperature remains equal
(to a very good approximation) to the time-dependent TWB

throughout the entire vaporization lifetime.

Choice of dimensionless variables

Assuming that the spray is injected in the chamber at the
(size-independent) wet-bulb temperature, through the Vapor-
liquid equilibrium (VLE) condition

xLi ci p
sat
i ¼ xi;w p (7)

(where xi, ci, and psati are the mole fraction, activity coefficient,
and saturation pressure of species i, and p is the constant
chamber pressure), we see that the gas-phase composition at
the droplet interface becomes a function of droplet composi-
tion only. Hence, given the exterior (far-field) gas composition
and temperature, the film average conditions become fully
determined also as a function of droplet composition.

Consequently, the former rate laws for the droplet state
variables m1 and m2 factorize as the droplet radius R times a
function of droplet composition only. This factorization ena-

bles a straightforward analytical integration of the PBE that
determines the steady-state DSD function in the combustor
(see below). For this reason, it is convenient to use the drop-
let composition (described here by the EtOH mass fraction,
x) as one of the internal variables of the spray. The second
(size-related) internal variable has been chosen here as the
droplet total mass (m : m1 þ m2). This choice is a conse-
quence of the ‘‘feed’’ spray, approximated here by a log-normal
distribution in droplet volume (hence, also log-normal in drop-
let mass, assuming that the feed is at a constant temperature).

The last equation, needed to close the system, is the rate
law for droplet size. This can be readily derived by inserting
Eqs. 1,2, and 6 in the time derivative of

m ¼ 4p
3

R3 qL (8)

where the liquid density qL is given below as a function of
droplet temperature and composition (see Eq. 23).

As the complexity of the former (quite simplified) system pre-
cludes an analytical solution, it seems convenient to perform all
the needed numerical calculations using dimensionless variables
(of order unity), defined using their corresponding characteristic
scales (subscript ref, except for Dref where subscript ref0 will be
used). The dimensionless variables used here are defined by:

Length : Rref � d32=2 a � R=Rref

Temperature : Tref � Tb;1 h � T=Tref

Liquid density : qLref � qLðat const: ref: liq: cond:Þ
.L � qL=qLref

Gas density : qref � qðat const: ref: gas cond:Þ
. � q=qref

Mass : mref � 4p
3
R3
refq

L
ref li � mi=mref

Fick diffusion coefficient :

Dref0 � Drefðat const: ref: gas cond:Þ
d � Dref=Dref0

di � Di;f=Dref

Time: tref � 1

3

qLref
qref

R2
ref

Dref0

s � t=tref

Specific energy : Lref � L1ðT ¼ Tb;1Þ Li � Li=Lref

c � cp=ðLref=TrefÞ
Fourier thermal conductivity : kref � Dref0qrefLref=Tref

k � k=kref
In the former definitions, ‘‘const. ref. gas/liq. cond.’’ correspond
to the boiling temperature of EtOH at the prevailing pressure
(Tb,1), initial droplet composition (for the liquid phase) and
exterior (far-field) reference gas composition and temperature
for the gas phase, given by Table 1, with composition at the
droplet interface given by the VLE condition.

Table 1. Reference Chamber and Spray Composition and Temperature Corresponding to the V-2 Liquid Propellant Rocket of
World War II

Pressure Temperature Equivalence Ratio Gas Composition Initial Liquid Composition

p ¼ 15 atm Te ¼ 2970 K U ¼ 1.1 w2,e ¼ 0.555, w3,e ¼ 1 � w2,e wL
1 (t ¼ 0) ¼ 0.75, wL

2 (t ¼ 0) ¼ 0.25
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Note that the reference temperature, defined as the boiling
temperature of pure EtOH at the prevailing pressure, is not
equal to the initial droplet temperature. This way the refer-
ence temperature has the correct order of magnitude, but does
not depend on droplet initial composition or initial tempera-
ture, facilitating fast comparison between numerical results
computed with different initial compositions or temperatures
(but with the same pressure). As a consequence of this choice
qLref is slightly different from the initial droplet density.

In terms of these variables, the rate laws for m1 and m2

take the form

_l1 ¼ �a F Pemð Þ .d � Bm x1;w þ d1 x1;w � x1;e

� �� �
(9)

_l2 ¼ �a F Pemð Þ .d � Bm x2;w þ d2 x2;w � x2;e

� �� �
(10)

where ˙ denotes d/ds.
The dimensionless form of the rate law for droplet tem-

perature is

l1 þ l2ð ÞcL _hw ¼ a F Pemð Þ .d �
� k
.d

he � hwð Þ

þ L1

_l1
a F Pemð Þ .d þ L2

_l2
a F Pemð Þ .d

� (11)

where the _li are given by Eqs. 9 and 10.
Finally, the time evolution of the droplet size is given, in

dimensionless form, by

_a ¼ a

3
� _l1 þ _l2

l1 þ l2
� _.L

.L

� �
(12)

where the time derivative of the dimensionless liquid density
.L can be determined in terms of li and yw by the
corresponding equation of state (EOS) of the liquid phase
(Eq. 23) and Eqs. 9–11.

Population balance equation governing
the spray evolution

Inspection of the rate laws for l1 and l2 (Eqs. 9 and 10)
shows that all the dependence on droplet size is contained in
the factor a ! l1/3 (where l : l1 þ l2 is the dimension-
less total mass). On the other hand, taking into account the
VLE boundary condition at the droplet interface and assum-
ing that all droplets are at TWB, we see that _li/a is a function
of droplet composition alone, justifying our choice of dimen-
sionless variables.

To derive the PBE that governs the evolution of the spray,
we need to write the corresponding rate laws for the varia-
bles used to describe the spray population: l and x. The
corresponding rate laws for droplet mass and composition
can be easily derived from their definitions

l � l1 þ l2; x � l1
l1 þ l2

(13)

hence

_l ¼ _l1 þ _l2; _x ¼ _l1 � x _l
l

(14)

According to the former rate laws _l � 0 and _x � 0,
corresponding to a vaporization process in which the water

mass fraction within the droplet increases (because EtOH is
more volatile than water). In a similar way, we remark that

_ljl¼0; x6¼0¼ _xjl¼0; x 6¼0¼ _xjl6¼0; x¼0¼ 0 (15)

which means that as l ! 0 the EtOH mass fraction of the
droplets also vanishes. As will be shown later, this causes the
steady-state NDDF of the spray to become strongly peaked in
the region x ^ 0.

The PBE that determines the steady-state NDDF of the
spray in the chamber in this case takes the form of the fol-
lowing first order, linear PDE:

n� nF
Dam

þ @ _lnð Þ
@l

þ @ _xnð Þ
@x

¼ 0 (16)

where n is the NDDF of the spray, and nF the corresponding
NDDF of the ‘‘feed’’ spray, both of them as a function of the
droplet state variables: mass and composition. Hence, the total
number of droplets per unit volume in the combustion chamber
(N) and in the ‘‘feed’’ (NF) are given, respectively, by

N ¼
Z 1

0

Z xF

0

n l;xð Þ dl dx (17)

NF ¼
Z 1

0

Z xF

0

nF l;xð Þ dl dx (18)

where xF is the initial mass fraction of EtOH in the spray,
which remains the maximal possible value of x at all times.

The parameter Dam in the former PBE is a vaporization
Damköhler number, defined as the ratio of the characteristic
residence time in the chamber to the characteristic vaporiza-
tion time (defined here as tref).

Boundary Conditions. The solution of this PDE is not
unique until the appropriate conditions are imposed at the
boundaries of the integration domain. In our case, these con-
ditions are related to the rate at which the droplets enter the
integration domain x [ [0, 1], l [ [0, 1). On one hand, it is
clear that n(x, l ! 1) ¼ 0. On the other hand, the condi-
tion needed for integration with respect to the x variable
can be derived from the feed NDDF nF, assuming the feed is
Dirac-delta-like with respect to droplet composition (with a
certain x ¼ xF) we have

nF l;xð Þ dl dx ¼ nF lð Þ d x� xFð Þ dl dx (19)

Hence, integrating Eq. 16 with respect to x between xF � dx
and xF þ dx, in the limit dx ! 0 we find

� nF lð Þ
Dam

þ _xnjx¼xFþ� _xnjx¼xF�¼ 0 (20)

Then, as _x\ 0 and the input spray is a Dirac delta at xF, we
have that n (x [ xF) ¼ 0. In this way, we find the feed
condition

n l;xFð Þ ¼ � nF lð Þ
Dam _x l;xFð Þ (21)

which has been used in solving Eq. 16. In the integration
domain, 0 � x\ xF Eq. 16 takes the simpler form
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n

Dam
þ @ _lnð Þ

@l
þ @ _xnð Þ

@x
¼ 0 (22)

Choices of basic property data and operating conditions

To solve the former bivariate-PBE, one also needs to
specify all thermo-physical properties of both mixtures con-
sidered (spray and surrounding gas) as well as the operating
conditions. In this respect, the liquid fuel spray is assumed
to be composed of EtOH and water, and the liquid oxidizer
spray (which is assumed to vaporize ‘‘instantaneously’’ (see
below)) is composed of pure oxygen. The surrounding gas,
which is considered as a mixture of ideal gases (the constant
chamber pressure is taken to be p ¼ 15 atm), is composed
of any unreacted EtOH (subscript 1), water (subscript 2),
CO2 (subscript 3), and oxygen (subscript 4).

The constant ‘‘reference’’ chamber conditions used both
for illustrative calculations under prescribed chamber condi-
tions, as well as the starting point for the iterative procedure
used to solve the coupled (spray-chamber) PBE, correspond
to the historically important case of the V-2 chemical rocket
(see Table 1).

The specific heats of the pure components in the gas phase
have been approximated, in the range of temperatures of in-
terest, as power-laws in absolute temperature (see Table 2),
computed based on available data.6 Specific heats of the
pure components in the liquid phase were also approximated
by power-laws, in the calculation of the specific heat of the
liquid mixture the enthalpy-of-mixing was neglected.

While the gas phase is well-described by the ideal gas
EOS, the liquid mixture is non ideal and its density has been
a approximated by the relation

qLðkg=m3Þ ¼ x1
qL1

þ x2
qL2

� 4x1x20:045� 10�3

� ��1

(23)

where xi are the mole fractions of EtOH and water in the liquid
phase and qLi are the corresponding pure-component saturated
liquid densities, estimated from:

qLi ¼ qref;i

Z
1�ðT=Tc;iÞð Þni

i

(24)

In the case of EtOH the parameters qref and Z are the critical
density and critical compressibility factor (see Table 2) and the
exponent is taken to be n1 ¼ 0.325, whereas for water, more

accurate results were found using the values qref,2 ¼ 347.1 kg/m3

and Z2 ¼ 0.274 with n2 ¼ 0.286.
The bubble point temperature of the EtOH þ water mix-

ture, as a function of x(Tb(x)) at the prevailing constant
chamber pressure, has been computed solving for T the
VLE-condition (Eq. 7) together with the normalization con-
dition, i.e.,

X2
i¼1

xLi ci
psati

p
¼ 1 (25)

where the saturation pressure of each pure component is given,
as a function of temperature, by the 3-parameter Antoine
equation

log10 psati =Torr
� � ¼ A� B

T � C (26)

with parameters A, B, and C given in Table 2, and where the
activity coefficients have been computed using a Van Laar
model.7 with parameters fitted using the azeotrope VLE data
of Ref. 8. As numerical evaluation of the mixture bubble point
temperatures, at different EtOH mass fractions, is needed a
significant number of times for each particular case, and
solving Eq. 25 is time consuming, the function Tb(x) has been
approximated by polynomial interpolation based on 50
Chebyshev nodes9 for x in the interval [0, 1]. For each of
the nodes considered the corresponding value of Tb(x) was
computed solving Eq. 25, this strategy produces an approx-
imation to the function Tb(x) which is extremely accurate and,
at the same time, very fast to evaluate.

Regarding the phase change and combustion specific
heats, the vaporization latent heats of the pure components
have been approximated by the power laws

Li ¼ Lref;i � 1� T

Tc;i

� �ni

(27)

with Lref,1 ¼ 0.9177 MJ/kg, n1 ¼ 0.079 for EtOH; Lref,2 ¼
2.8893 MJ/kg, n2 ¼ 0.321 for water; and Lref,4 ¼ 0.2130 MJ/
kg, n4 ¼ 0 for oxygen. The lower heat of combustion of pure
EtOH in the liquid phase is taken to be 26.82 MJ/kg.

Regarding transport properties of the gas phase, the mix-
ture thermal conductivity has been approximated by a cube-
root law (see Eq. 3.3–7 of Ref. 4, p 114), where the thermal
conductivities of the pure gas phase components have been
approximated by power-laws in the local temperature

Table 2. Basic Property Data Used in this Study

Property Ethanol Water CO2 Oxygen

Molecular weight M (kg/kmol) 46.07 18.016 44.011 32.0
Critical point qc (kg/m

3) 274.2 321.7 468.2 437.1
Tc (K) 513.9 647.1 304.2 154.6
pc (atm) 62.18 217.7 72.8 49.8

Zc 0.248 0.229 0.274 0.288
Specific heat (gas) cp (J/(kg K)) 73.55 T0.5381 438.6 T0.2409 188.6 T0.2698 392.0 T0.1472

Specific heat (liq.) cp (J/(kg K)) 2400 (T/300)1.170 4180 (T / 300)0.121 1693
Antoine equation data A 8.32109 7.96681 6.69144

B (K) 1718.10 1668.21 319.013
C (K) 35.63 45.15 6.453
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ki ¼ kref;i
T

1000

� �ni

(28)

with kref,1 ¼ 0.1231 W/(mK), n1 ¼ 1.74 for EtOH; kref,2 ¼
0.0880 W/(mK), n2 ¼ 1.27 for water; kref,3 ¼ 0.0665 W/(mK), n3
¼ 0.95 for CO2; and kref,4 ¼ 0.0740 W/(mK), n4 ¼ 0.80 for
oxygen.

Finally, the effective Fick diffusion coefficient of EtOH in
the gas mixture (D1) has been computed using the additive-
resistance formula (see Eq. 3.4–9 of Ref. 4, p. 120), where
the participating binary Fick diffusion coefficients have been
approximated by a functional form suggested by the kinetic
theory of ideal gases

D1i ¼ Dref;1i

pðatmÞ
T

1000

� �1:75

(29)

with Dref,12 ¼ 0.732 � 10�4 m2/s, Dref,13 ¼ 0.672 � 10�4 m2/s
and Dref,14 ¼ 1.040 � 10�4 m2/s. For present purposes, the
effective Fick diffusion coefficient of water in the gas mixture
has been approximated by D2 ^ 2 D1.

Theoretical Development: Choice of
Mathematical and Numerical Methods

Analytic solution of the PBE by the method of
characteristics

To solve the PBE as written in Eq. 22, using the method
of characteristics, one would be forced to calculate deriva-
tives of the rate laws _l and _x with respect to the independ-
ent variables l and x, yielding a set of complicated analytical
expressions that would make this method very time consum-
ing. However, according to the former rate laws _l ! l1/3 and
_x ! l�2/3. Hence, we may define

_l � �l1=3 A; _x � �l�2=3 B (30)

where the functions A and B depend only on liquid-phase
composition x. Inserting these definitions in Eq. 22, we find

lA
B

@

@l
l1=3B n
� �

þ @

@x
l1=3B n
� �

¼ l n

Dam
(31)

which is ready to be solved for l1/3 B n using the method of
characteristics directly. This form of the PBE is particularly
convenient because it suggests the use of EtOH mass fraction
in the liquid phase (x) as the coordinate along characteristic
paths. On the other hand, from Eq. 31, we find that the total
mass along characteristic paths is given by

l xð Þ ¼ l0 � exp �
Z xF

x

A

B
dx

� �
(32)

where l0 ¼ l(xF). This results shows clearly that all
characteristic paths (corresponding to initial conditions (l,
x) ¼ (l0, xF)) leave the domain of integration through the
origin (l, x) ¼ (0, 0). This is because B vanishes
proportionally to x as x ! 0. Accordingly, the solution for
l1/3 B n along the characteristic paths is given by

l1=3B n ¼ l1=30 B0 n0 � exp � 1

Dam

Z xF

x

l2=3

B
dx

� �
(33)

where l ¼ l (x) is given by Eq. 32, B0 ¼ B(xF) and n0 ¼ n(l0,
xF). Recalling the ‘‘boundary’’ condition Eq. 21, we find the
solution for the steady state NDDF:

n l l0;xð Þ;x½ � ¼ l0 nF l0ð Þ
Dam l l0;xð Þ1=3 B

� exp � 1

Dam

Z xF

x

l l0;xð Þ2=3
B

dx

 !
ð34Þ

where l(l0, x) is given by Eq. 32.

Calculation of quantities of interest

The method of characteristics provides the solution of the
PBE n (l, x) in parametric form, in terms of the initial con-
dition for l along each characteristic path (l0), and the coor-
dinate along the characteristic paths (x). However, we will
be mainly interested in the moments of n, or the average val-
ues of certain functions K (l, x)

Kh i ¼ 1

N

Z 1

0

Z xF

0

K l;xð Þ n l;xð Þ dl dx (35)

based on the normalized NDDF n/N.
The calculation of these average values can be easily done

in terms of n (l0, x) taking into account the fact that the
Jacobian of the transformation {l, x} ! {l0, x0} with

l0 ¼ l � exp
Z xF

x

A

B
dx; x0 ¼ x (36)

is just l/l0. Hence, for any K (l, x)

Kh i ¼ 1

N

Z 1

�1

Z xF

0

K l l0;xð Þ;x½ � l l0;xð Þ
�n l0;xð Þ d ln l0 dx ð37Þ

where

l l0;xð Þ n l0;xð Þ ¼ l l0;xð Þ2=3
Dam B

� l0 nF l0ð Þ�

� exp � 1

Dam

Z xF

x

l l0;xð Þ2=3
B

dx

 !
ð38Þ

In particular, we will be interested in certain mixed moments
of the spray normalized NDDF hla xbi, defined by

laxb
� 	 � 1

N

Z 1

�1

Z xF

0

laxb l n d ln l0 dx (39)

where l n is given by Eq. 38 and l by Eq. 32.

Coupling Between the Dispersed (Fuel Spray) and
Continuous Phases; Self-Consistent Steady-State
Chamber Composition and Temperature

To solve the PBE that governs the spray population one
needs to know TWB as a function of droplet composition
as well as the vaporization rates of EtOH and water all of
which depend on the chamber temperature and composition.
However, conditions in the combustion chamber should be
consistent with the mass and energy supplied by the
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combustion of fuel resulting from the vaporization of the
steady state population of fuel droplets present in the cham-
ber. This condition couples the calculation of the steady-state
spray distribution function with the calculation of the ambient
conditions in the chamber, resulting in a highly nonlinear
problem.

An iterative strategy is adopted to solve this nonlinear
problem, as explained below. The iterative scheme starts with
the calculation of n(l, x) corresponding to the reference (pre-
specified) values of chamber temperature and composition
(Table 1), solving Eq. 22 with ‘‘boundary’’ condition Eq. 21 as
shown in the previous section. Once the spray NDDF n(l, x)
is known, the corrected chamber temperature and composition
are computed according to the mass and energy balance shown
below. Then, the wet-bulb temperature TWB(x) and rate laws
_l(l, x) and _x(l, x) corresponding to the new (corrected) am-
bient conditions are computed. Once this is done, solving again
the PBE (Eq. 22), we find the new spray NDDF n(l, x), cor-
responding to corrected values of the chamber composition and
temperature, and we are ready for the next iteration. This pro-
cess is repeated until convergence is achieved.

The mass- and energy-balance equations that relate ambi-
ent chamber conditions to the steady-state spray distribution
function are explained below.

Mass balance

The first set of variables needed to describe the mass bal-
ance are the total in and out mass flow rates in the combus-
tion chamber: We define _min

F ( _min
4 ) as the total mass of fuel

spray (respectively oxidizer (O2)) entering the chamber per
unit time and per unit chamber volume. Accordingly, we
define _mout

S as the total mass of ‘‘unvaporized’’ fuel spray
leaving the chamber per unit time and per unit chamber vol-
ume. Finally, _mout

V denotes the total mass of vapor leaving
the chamber per unit time and per unit chamber volume.

Besides the overall mass-flow rates, we need to specify
the rates at which each species is supplied to the vapor
phase in the chamber. For this purpose, we define I1 (I2) as
the total mass of EtOH (water) supplied to the vapor phase by
spray vaporization, per unit time and per unit chamber vol-
ume, respectively. Given the vaporization rate laws for EtOH
and water ( _m1 and _m2), once the steady-state spray NDDF
n(l, x) is known, I1 and I2 can be computed according to

Ii ¼
Z Z

� _mi n dl dx (40)

where the double integral is performed over all possible values
of l and x. We also assume that all the oxygen supplied to the
chamber ( _min

4 ) vaporizes instantaneously and that no other
chemical species enter the chamber.

On the other hand, the average mass fraction of EtOH in
the spray in the chamber (x) is given in terms of the steady-
state number density population n(l, x) by

x ¼
R R

l x n dl dxR R
l n dl dx

(41)

The quantities Ii and x have to be updated at each iteration,
whereas the average mass fraction of EtOH in the feed spray
(xF) has a constant value.

Regarding the combustion chamber gas phase composi-
tion, we recall that the chamber is considered ‘‘well-mixed.’’
Hence, the composition is determined by the external (far-
field—from the viewpoint of the spray droplets) mass frac-
tions xV

i;e. On the other hand, in this section it will be
assumed that the combustion process takes place under
‘‘fuel-lean’’ conditions. As a consequence, the exterior
vapor-phase mass fraction of fuel vanishes (xV

1;e ¼ 0).
Once all the variables that enter the mass-balance have

been defined, the mass balance conditions are specified by

_min
F xF ¼ I1 þ _mout

S x (42)

_min
F � 1� xFð Þ ¼ I2 þ _mout

S � 1� xð Þ (43)

_min
4 ¼ _min

F � xF

fstoichU
(44)

fstoich;2
fstoich

I1 þ I2 ¼ _mout
V xV

2;e (45)

fstoich;3
fstoich

I1 ¼ _mout
V xV

3;e (46)

� 1

fstoich
I1 þ _min

4 ¼ _mout
V xV

4;e (47)

xV
2;e þ xV

3;e þ xV
4;e ¼ 1 (48)

where the indicated stoichiometric ratios correspond to the
chemical reaction

C2H5OHþ 3O2 ¼ 2CO2 þ 3H2O (49)

are given by

fstoich ¼ MC2H5OH

3MO2

¼ 0:4799

fstoich;2 ¼ MH2O

MO2

¼ 0:5630

fstoich;3 ¼ 2MCO2

3MO2

¼ 0:9169

(50)

The two first equations (Eqs. 42 and 43) simply state the in/out
mass balance for the fuel spray. Equation 44 determines the
oxygen (in-) flow rate in terms of the fuel (in-) flow rate,
where the equivalence ratio U has a prespecified (constant)
value (for the V-2 rocket the feed- value considered was U ¼
1.1). Equations 45–47 state the balance of H2O, CO2, and O2

produced (or consumed) by the chemical reaction (per unit time
and unit chamber volume). In these equations, we have assumed
that, because the chamber operates under steady- and fuel-lean
conditions, the rate at which the fuel is supplied to the vapor
phase I1 is equal to the rate of fuel consumption by homogeneous
chemical reactions. The last equation (Eq. 48) is also a
consequence of our assumption of evaporation-rate-controlled
combustion under fuel-lean conditions (i.e., xV

1;e ¼ 0).
Note that the sum of Eqs. 42 and 43 gives the overall

mass balance of the fuel spray:

_min
F ¼ I1 þ I2 þ _mout

S (51)

Similarly, the sum of Eqs. 45–47 gives the overall mass
balance of the vapor in the chamber:

AIChE Journal December 2011 Vol. 57, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 3541



I1 þ I2 þ _min
4 ¼ _mout

V (52)

Finally, adding these two last equations, we obtain the total
mass conservation equation, as expected

_min
F þ _min

4 ¼ _mout
S þ _mout

V (53)

At each iteration, once the steady-state NDDF of the spray in the
chamber n(l, x) is known, the values of Ii and x can be
computed via quadratures over n(l, x). Then, the corresponding
vapor phase composition in the chamber (xV

2;e, x
V
3;e and xV

4;e), as
well as the corresponding in/out mass flow rates ( _min

F , _min
4 , _mout

S

and _mout
V ) are determined by the former system (Eqs. 42–48).

It is also noteworthy that, at each iteration (once n(l, x) is
known), the former mass balance can be easily solved inde-
pendently of the (slightly more involved) energy balance, which
determines the chamber temperature Te as explained below.

Energy balance

Assuming steady-state operation and adiabatic conditions,
the energy conservation equation equates the chemical
energy released to the energy needed for heating and vapori-
zation of the O2(L) and fuel sprays as well as heating of the
resulting fuel and oxidizer vapors.

For vaporization-controlled combustion, the energy
released by the chemical reaction per unit time and per unit
chamber volume is given by

_qchem ¼ I1 Q1 (54)

where Q1 is the lower heat of combustion of EtOH in vapor
phase (Q1 ¼ L1 þ 26.82 MJ/kg).

Assuming that the liquid oxygen is injected in the cham-
ber at T ¼ T0,O2(L)

¼ 90 K, and that it vaporizes at T ¼
Tb,O2(L)

, the total energy needed (per unit time and per unit
chamber volume) for oxidizer vaporization and heating up to
the wet-bulb temperature of the feed fuel spray (TWB(xF) :
TF) can be expressed:

_qO2ðLÞ ¼ _min
4

�Z Tb;O2ðLÞ

T0;O2ðLÞ
cp;O2ðLÞ dT

þ L4 þ
Z TF

Tb;O2ðLÞ
cp;4 dT

�
� _min

4 L4;eff ð55Þ

where L4 is the heat of vaporization of the O2(L), cp,O2(L)
is the

specific heat of the O2(L), cp,4 is the specific heat the of the
oxidizer in the vapor phase, and where we have defined L4,eff
as the ‘‘effective’’ O2(L) heat of vaporization.

The energy needed for fuel spray heating and vaporiza-
tion, per unit time and per unit chamber volume, is given by

_qF ¼I1 LF;1 þ I2 LF;2 þ
Z Z

�L01 _m1

�
�L02 _m2 þ cLp;F T0

WB m _x
�
n dl dx ð56Þ

where LF,i is the heat of vaporization of component i at the
wet-bulb temperature of the feed spray (LF,i : Li (TF)).

In the former Eq. 56, the first two terms are dominant, rep-
resenting the energy needed for vaporization of the fuel spray

assuming that the vaporization takes place at the initial wet-
bulb temperature of the feed spray (TF). The third term in Eq.
56 is a small correction, accounting for the heating of the fuel
spray from its initial temperature up to the composition-depend-
ent TWB as well as for the variation of the heats of vaporization
produced by this temperature change. In this last term, L

0
i is the

difference between the vaporization latent heat corresponding
to the temperature at which the vaporization occurs and the va-
porization latent heat at the initial wet-bulb temperature

L0i � Li TWB x½ �ð Þ � LF;i (57)

On the other hand cLp;F is the specific heat of the fuel spray:

cLp;F ¼ cLp;1xþ cLp;2 1� xð Þ (58)

and T
0
WB is defined as the variation of the (size-independent) wet-

bulb temperature of the droplets with respect to composition

T0
WB � dTWBðxÞ

dx
(59)

Finally, the energy needed, per unit time and per unit chamber
volume, for vapor heating up to the chamber temperature (Te)
is given by

_qh ¼
Z Te

TF

ðI1cp;1 þ I2cp;2 þ _min
4 cp;4ÞdT � _q0h (60)

where the first three terms, which dominate, represent the
energy needed for vapor heating from the initial temperature
TF, and where the last term is a small correction that accounts
for the difference between TF and the actual (composition-
dependent) wet-bulb temperature at which the vaporization of
EtOH and water takes place. This small correction is given by

_q0h ¼
Z Z Z TWB xð Þ

TF

� _m1 cp;1 � _m2 cp;2
� �

dT

" #
n dl dx (61)

Having evaluated all terms entering the energy balance, the
overall energy conservation equation becomes:

_qO2ðLÞ þ _qF þ _qh ¼ _qchem (62)

Recalling the former mass-balance equations (Eqs. 42–48), the
energy-balance equation can be written simply as

I1 h1ðTeÞ þ I2 h2ðTeÞ þ _min
4 h4ðTeÞ
¼ _min

F Qin
F;eff � _mout

S Qout
F;eff þ _q0 ð63Þ

where we have defined hi(Te) as the specific enthalpy of
component i in the vapor phase at chamber temperature Te
minus the corresponding value at TF:

hiðTÞ �
Z T

TF

cp;i dT (64)

we have defined Qin
F;eff as the ‘‘effective’’ heat of combustion

(under the present operating conditions) of the feed fuel spray,
and Qout

F;eff as the ‘‘effective’’ heat of combustion of the fuel
spray that leaves the chamber without being vaporized:
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Qin
F;eff � xF Q1 � LF;1

� �� 1� xFð Þ LF;2 � xFL4;eff
fstoichU

Qout
F;eff � x Q1 � LF;1

� �� 1� xð Þ LF;2 (65)

Finally, in the former Eq. (63), we have also defined q̇
0
as the

extra term that accounts for the difference in vaporization
heats and specific enthalpies related to the difference between
the feed fuel spray wet-bulb temperature (TF) and the actual
(composition-dependent) wet-bulb temperature at which the
vaporization takes place. This term, (a small correction), is
given by:

_q0 �
Z Z

� h1 TWBðxÞ½ � � L01
� � � _m1 � h2 TWBðxÞ½ �ð


�L02
� � _m2 � cLp;F T0

WBðxÞ m _x
i
n dl dx ð66Þ

where _mi and _x denote the dimensional quantities dmi/dt and dx/
dt. The mass and energy balance equations in terms of suitable
dimensionless units are introduced in the following section.

Mass and energy balance in dimensionless form

For the development below, we define the characteristic
number of droplets per unit volume in the feed spray (NF) as
the number density corresponding to the dimensionless mass
rates per unit time and per unit chamber volume. Hence, we
introduce the dimensionless mass flow rates

_lin=outk ¼ _m
in=out
k � tref

NF mref

; ji ¼ Ii � tref
NF mref

(67)

where subscript k takes values F and 4 in the case of in-flows
(superscript in), and values S and V in the case of out-flows
(superscript out). Thus, the dimensionless mass-balance
system becomes:

_linF xF ¼ j1 þ _loutS x (68)

_linF � 1� xFð Þ ¼ j2 þ _loutS � 1� xð Þ (69)

_lin4 ¼ _linF � xF

fstoichU
(70)

fstoich;2
fstoich

j1 þ j2 ¼ _loutV xV
2;e (71)

fstoich;3
fstoich

j1 ¼ _loutV xV
3;e (72)

� 1

fstoich
j1 þ _lin4 ¼ _loutV xV

4;e (73)

xV
2;e þ xV

3;e þ xV
4;e ¼ 1 (74)

where, at each iteration, the dimensionless vaporization rates ji
are given by

ji ¼ 1

NF

Z Z
� _li n dl dx (75)

and the average mass fraction of EtOH in the chamber (x) is
given by Eq. 41.

The characteristic temperature scale associated with fuel
combustion is determined by means of an order of magni-
tude analysis of the former energy balance (Eq. 63). To this
end, we assume that all the fuel is vaporized and burned
(i.e., _mout

S ^ 0, I1 þ I2 þ _min
4 ^ _min

F (1 þ xF/(fstoich U))) at
the fuel feed wet-bulb temperature (i.e., q̇

0
^ 0), and we

also approximate the specific heats of all the vapors by a
constant characteristic value cp,G. Thus, we find the approxi-
mate value

Te ’ TF þ
Qin

F;eff=cp;G

1þ xF

fstoichU

(76)

leading us to define the dimensionless chamber temperature
He as

He � 1þ xF

fstoichU

� �
� Te � TF
Qin

F;eff=cp;G
(77)

Hence, in terms of the dimensionless chamber temperature He,
the energy balance equation reads:

Z He

0

j1
cp;1
cp;G

þ j2
cp;2
cp;G

þ _lin4
cp;4
cp;G

� �
dH

¼ 1þ xF

fstoichU

� �
� _linF � _loutS Qþ q
� � ð78Þ

where we have defined the dimensionless variables Q and q as

Q � Qout
F;eff

Qin
F;eff

; q � tref _q0

NF mref Qin
F;eff

(79)

Note that while Q is of order 1, we expect that q � 1.
To solve the mass and energy balance equations in a

numerically efficient way, at each iteration, we first solve
the mass balance equations (Eqs. 68–74). Then, Q is
updated according to the new value of x (recall that whereas
Qin

F;eff is constant, Qout
F;eff depends on x), and q is updated

according to

q ¼ 1

NF

Z Z
� h1 TWBðxÞ½ � � L01

Qin
F;eff

� _l1
"

� h2 TWBðxÞ½ � � L02
Qin

F;eff

� _l2

� cLp;F T0
WBðxÞ

Qin
F;eff

� l _x

#
n dl dx ð80Þ

withHe fixed at the value corresponding to the former iteration.
We use this approximation because TWB(x) is also a function of
the chamber temperature, actually quite time-consuming to
calculate (as it involves solving Eq. 6 with dTw/dt ¼ 0 for each
particular couple of values of x and Te). Once this is done,
Eq. 78 (with the LHS treated as a function of the unknown value
He) is solved for He using Newton’s method.

The former self-consistent population-balance and mass/
energy-balance iterative process is repeated until 10�6 accu-
racy is reached for all quantities involved (chamber tempera-
ture and composition). Once this precision has been
achieved, the relevant combustor performance indices com-
bustion efficiency and combustion intensity are evaluated.
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Combustor performance indices: quantities
of interest and their relation to n(m, x)

A principal objective of the present work is the calculation
of interesting combustor performance indices, including the
fractions of fuel and water actually vaporized (fvap,1 and
fvap,2 respectively):

fvap;1 ¼ I1
_min
F xF

; fvap;2 ¼ I2
_min
F 1� xFð Þ (81)

as well as the total fraction of spray vaporized fvap ¼ 1 � _mout
S /

_min
F , given by

fvap ¼ xFfvap;1 þ 1� xFð Þfvap;2 ¼ I1 þ I2
_min
F

(82)

Especially important are the corresponding combustion
efficiency (gcomb) and combustion intensity1 (I ). These last
two parameters provide the most relevant overall picture of
combustor performance, useful for making comparisons
between different spray combustors (e.g., geometries, liquid
fuels, operating conditions,…).

These combustion performance indices can be computed
once the former self-consistent scheme has been imple-
mented, and the corresponding steady-state spray population
in the combustor n(m, x) as well as the in and out mass
flow rates and the chamber temperature, are known.

The combustion efficiency gcomb is the fraction of the
effective fuel energy released in the combustor per unit time
usable to produce thrust (or more generically: ‘‘work’’). If
the ‘‘fuel’’ feed spray is un-diluted, and we assume that all
fuel vaporized is burned (i.e., fvap,1 U � 1), then gcomb is
simply the fraction of fuel actually vaporized and burned in
the chamber, fvap,1. However, in our case, we must account
for the fact that a fraction of the energy released by EtOH
vapor combustion is used to vaporize the water carried in
the diluted fuel feed spray. Making this correction, we find:

gcomb ¼ fvap;1 � _min
FxFQ1;eff � I2L2

_min
F xFQ1;eff � 1� xFð ÞL2

 � (83)

where the effective heat of combustion of the fuel Q1,eff takes
into account the fraction of the heat used to vaporize the liquid
fuel and the oxidizer (O2(L))

Q1;eff � Q1 � L1 � L4;eff
fstoichU

(84)

Recalling the definition of Qin
F;eff above, we find that the

combustion efficiency is given by

gcomb ¼ fvap;1 � 1þ 1� fvap;2
� � 1� xFð ÞL2

Qin
F;eff

" #
(85)

Another relevant combustor performance index is the
dimensionless combustion intensity (I ), defined here as the
ratio of the chemical energy released in the combustor per unit
time and per unit chamber volume (q̇chem ¼ I1 Q1), to the
energy released per unit time and per unit volume associated
with a Sauter-mean-diameter (d32) feed droplet (given by qL

xF Q1/tvap). Recalling our former definitions as well as the
mass and energy balances (see previous section), we find that
I is given by

I ¼ qch=qL
Dam

� fstoichU=xF

1þ fvapfstoichU=xF

� fvap;1 (86)

where qch is the density of the gases in the chamber
corresponding to the far-field, self-consistent, ambient condi-
tions, and qL is the density of the liquid spray feed.

This completes our present theoretical model of bivariate
fuel spray combustion—anticipating a class of applications
in which the fuel is a concentrated solution of EtOH in
water, and the oxidizer is vaporized O2(L). In the following
section, we present a series of results concerning, first, the
behavior of individual droplets under prescribed chamber con-
ditions, then the solution of the PBE under prescribed cham-
ber conditions, and, finally, results corresponding to the fully
coupled (fuel spray þ spray-dependent chamber conditions),
computed according to the former iterative scheme—in which
case, we also show results for the two aformentioned combus-
tor performance indices: efficiency and intensity.

Illustrative Quantitative Results: Von Braun’s
V-2 Liquid Propellant Rocket Motor

Behavior of individual droplets: departures from d2-law;
preferential ethanol loss, temperature ‘‘history’’

This section contains results for the time-evolution of indi-
vidual droplets under constant (reference) ambient condi-
tions. In the numerical computations shown below, the refer-
ence far-field gas composition, temperature, chamber pres-
sure, and initial droplet composition correspond to the V-2
rocket and are given in Table 1. Results shown below have
been computed solving numerically Eqs. 9–11. The initial
droplet size considered is d32 ¼ 30 lm, the initial droplet
temperature is TWB corresponding to an initial droplet com-
position x(0) ¼ xF ¼ 0.75 and the aforementioned reference
ambient temperature and composition.

Results for droplet mass and composition are shown in
Figures 1 and 2. Note that EtOH vaporizes much faster than
water (as expected), so that the droplet composition becomes
almost pure water at s � 0.75 svap. This figure also shows
that the rate of water vaporization increases after the EtOH
is essentially completely vaporized. This is because TWB for
pure water is higher than that for water containing a signifi-
cant amount of EtOH.

The time history of droplet temperature is shown in Figure
3, where we can see that the droplet temperature remains
extremely close to TWB at all times (slightly below the mix-
ture boiling temperature yb). In particular, at s � 0.75 svap,
the amount of EtOH in the droplet essentially vanishes and,
as mentioned above, TWB increases sharply, leading to the
observed behavior of y/yWB shown in Figures 3 (right) and 4
(right). Note that even during this short transient (in which
the droplet temperature must adapt to the new TWB), the dif-
ference between Tw and the TWB is negligible.

Finally, Figure 4 shows results for the individual droplet
rate laws as a function of time during the vaporization pro-
cess. In this figure, we see that, during the first part of the
process (s \ 0.75 svap) _m1 decreases nearly linearly with
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time, whereas _m2 has a (relatively small) constant value, and
_T is slightly positive (as the water content of the droplet
increases). At the moment of almost complete EtOH vapori-
zation, TWB increases sharply, and the droplet experiences a
short interval characterized by transient heating and an
increase in water vaporization rate. After this transient, dur-
ing the last part of the process (s [ 0.75 svap) _m1 is essen-
tially zero while _m2 decreases nearly linearly with time and
_T is almost zero. The qualitative difference between the first
and the last part of the process can also be appreciated very
clearly in Figure 2 (right), where we see that the mass trans-
fer driving force (Bm) has two different (and almost con-
stant) values, depending on whether the EtOH content of the
droplet is (or is not) negligible.

Summarizing, we may say that EtOH þ water droplets
vaporize in a sequential way, with a short transient between
the EtOH vaporization period and the water vaporization pe-
riod. On the other hand, our results show that if the initial
droplet temperature is equal to the size-insensitive wet-bulb
temperature TWB, then it remains very close to the time-de-
pendent TWB throughout the entire binary-system vaporiza-
tion process.

PBE-results under specified (reference-) chamber
conditions

The mathematical method used to solve the PBE govern-
ing the steady-state bivariate droplet population in the com-
bustion chamber is first illustrated in the present section,
where PBE-solutions corresponding to constant (reference)
chamber conditions are presented. This same mathematical
scheme will also be used to solve the PBE in the fully

coupled problem (next section) where the chamber condi-
tions are computed (in an iterative, self-consistent fashion)
based on the solution found for the steady-state bivariate
droplet population.

Although a formal analytical solution for the bivariate
NDDF n has been provided (see Eq. 34), evaluation of this
NDDF requires numerical integrations containing the func-
tions A(x) and B(x). Each numerical evaluation of these
functions is quite time consuming, because it requires solv-
ing a nonlinear equation for the droplet wet-bulb temperature
as well as computing the corresponding gas-phase mass frac-
tions at the droplet surface by means of the VLE condition.

As our goal is to iteratively solve the fully coupled prob-
lem (steady-state spray þ combustion chamber), we need an
efficient method to solve the PBE, because we must solve
this equation many times in any self-consistent iterative
scheme. Consequently, we need an efficient method to evalu-
ate the functions A(x) and B(x), (the principal time-
consuming task needed to solve the PBE). To this end, A(x)
and B(x) were approximated by means of an Orthogonal-
Collocation expansion in terms of Chebyshev polynomials
using Gauss-Lobatto abscissae in the interval x [ [0, xF].
Use of Gauss-Lobatto abscissae is motivated by the require-
ments of high accuracy in both limits of the variable x. In
particular, for Damköhler numbers of order O(1) (or larger),
n becomes a very highly peaked function of x, located in
the lower limit (x ! 0); whereas for very small values of
the Damköhler number n is a peaked function of x located
close to the feed composition (xF). Thus, only when both
limits of the interval are included in the set of abscissae
used in the expansion, does it become possible to achieve
high-accuracy results.

Figure 1. Dimensionless presentation of individual fuel droplet mass and composition vs. time: l1 (left), l2 (center),
x (right).

Figure 2. Dimensionless presentation of individual fuel droplet radius squared, mass, and mass-transfer driving
force vs. time: a2 (left), l (center), Bm (right).
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The number of spectral components needed in the expan-
sion of A(x) and B(x) was determined based on a conver-
gence analysis for the function n and its moments for rG ¼
2.3, Dam ¼ 1, and constant (reference) chamber conditions
(Table 1). The reason for this choice is because the case
Dam ¼ 1 leads already to a strongly peaked n at x close to
0, which does not change much as higher vaporization Dam-
köhler numbers are considered. On the other hand, conver-
gence rate had only a mild dependence on the feed spread
parameter rG (in the range 1.7 � rG �2.3), with the lowest
convergence rate corresponding to the highest feed spread.
As a consequence, we believe that convergence for this par-
ticular choice of parameters ensures similar accuracy for
other values of the parameters in the range of physical inter-
est. The convergence criterion finally adopted was to have at
least 6 digit accuracy for all the lowest order moments of n:
hlk xli, with k, l ¼ 0, 1, 2.

As a consequence of the model used for the reference Fick
diffusion coefficient (Dref), which involves absolute values of
xi,w � xi,e, the functions A(x) and B(x) have a discontinuity
in the first derivative. Because of this behavior, a relatively
large number of spectral components (ca. 30) was needed to
achieve high accuracy convergence. The functions A and B,
have been finally computed using 50 Gauss-Lobatto spectral
components, producing an extremely accurate approximation
which, at the same time, is very fast to evaluate.

As an illustration of the results found using this numerical
strategy, we show in Figure 5 the steady-state NDDF [l n(ln
l,x) vs. ln l and x] corresponding to the aforementioned
reference chamber conditions (Table 1). The surface shown
in Figure 5 has been actually drawn as a 3-D parametric plot
of several characteristic paths, for values of x between xF

and 0, corresponding to initial values of ln l between �10

and 10. Each one of these characteristic paths departs from
the ‘‘boundary’’ condition Eq. 21, as also shown in Figure 5.

Note that the number density function is bi-modal with
respect to x. The reason for this is clear, on one hand, the
feed spray has the highest possible value of x ¼ xF,
whereas all the droplets leave the domain of integration at
the lowest possible value x ! 0. The qualitative shape of
this NDDF, computed under prescribed chamber conditions,
also applies to self-consistent results computed using the
iterative scheme presented bellow (see Figure 9).

Self-consistent results for the PBE

The self-consistent scheme based on mass/energy balances
outlined in the previous section was used to calculate cham-
ber conditions corresponding to steady-state operation of the
V-2 rocket. Convergence of the scheme is quite fast, with a
tolerance of 10�6 about 7–10 iterations were needed for ref-
erence vaporization Damköhler numbers larger than 0.1,
whereas a number of iterations between 10 and 40 were
needed for smaller reference Damköhler numbers, down to
0.04. The computation time needed for each iteration on a
modern PC was about 35s, yielding a total computation time
of about 1.5h for all cases shown.

Results corresponding to V-2 rocket, obtained with the
former self-consistent scheme, are shown in Figures 6–8 as a
function of the vaporization Damköhler number Damvap,
defined as the ratio of the characteristic residence time to the
vaporization time for a droplet of Sauter-mean diameter,
under converged (self-consistent) chamber conditions. In this
respect, recall that the vaporization Damköhler number
(Dam ¼ Damref) that enters the PBE is a ‘‘reference’’ value,
defined using the characteristic vaporization time-scale under

Figure 3. Dimensionless presentations of individual fuel droplet temperature vs. time: y (left), y/yb (center), y/yWB

(right).

Figure 4. Dimensionless presentation of individual fuel droplet rate laws vs. time: _l1(left), _l2(center),
_h(right).
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reference environment conditions. Once the self consistent
scheme has converged and the steady-state chamber condi-
tions are known, the actual vaporization Damköhler number
(Damvap) can be computed using

Damvap ¼ Damref=svap; QS; d32 (87)

where svap, QS, d32
is the dimensionless vaporization time of a

droplet with Sauter-mean diameter under steady environment
conditions derived from the self-consistent calculation. Our
results for Damvap vs. Damref are shown in Figure 6. Although
all calculations were performed as a function of the reference
vaporization Damköhler number, these performance results are
shown as a function of the more physically meaningful Damvap.

Results for the steady-state, self-consistent, ambient cham-
ber conditions (composition and temperature) are shown in
Figure 7 [It was observed that the correction q (Eq. 80) in
the energy balance equation (Eq. 78) is, indeed, negligible
(less than 0.5%)].

As an indication of the performance characteristics of the
V-2 rocket thrust chamber, the combustion efficiency gcomb

(Eq. 85) and intensity I (Eq. 86) are shown in Figure 8. The
calculation of these two indices was performed once the
aforementioned self-consistent scheme had converged.

Finally in Figure 9, we show the self-consistent steady-
state droplet distribution functions corresponding to 3 values
of the (reference) vaporization Damköhler number as a func-
tion of droplet state variables: mass and composition (Figure
9 top). These results are also presented as a 3-D parametric
plot of a collection of representative characteristic lines that
depart from the ‘‘boundary’’ condition for n, also shown.

Although the results presented here have been computed
using droplet mass and composition as the independent vari-
ables (for reasons already explained), an interesting result of
the present model is the possibility of visualizing these

NDDFs as a function of any other set of droplet state varia-
bles. For instance, in Figure 9 bottom, we present the corre-
sponding NDDFs as a function of dimensionless droplet di-
ameter (dp ¼ 2R/d32) and TWB. Although this pair of state
variables would not be a good choice for carrying the nu-
merical computations, the steady-state NDDF in terms of
these state variables may now be measurable by optical
methods, possibly facilitating future comparison of such nu-
merical results with actual experimental results.

Discussion: Defense of Assumptions,
Implications of Results, and Applications

‘‘Condensation-induced boiling’’ (CIB) and its
avoidance

Earlier in this research, we discovered/reported (Rosner and
Arias-Zugasti)10 the possibility/consequences of _m2 being pos-
itive (H2O uptake) for sufficiently high combinations of EtOH
mass fraction in the feed droplet and water vapor concentra-
tion in the high-temperature combustion chamber. The heat-
release rate associated with such water vapor condensation
generally increases the droplet QS wet-bulb temperature but
our overall isobaric diffusion-controlled vaporization rate
approach is no longer self-consistent if TWB reaches the corre-
sponding equilibrium bubble point temperature of the vaporiz-
ing droplet at the prevailing total pressure. We labeled this
interesting ‘‘threshold’’ condition, which has apparently escaped
the notice it deserves, the ‘‘condensation-induced-boiling’’
(CIB-) locus, and immediately estimated its location (on the
x2,e vs. xL

1 plane) for both the German V-2 and derivative
Russian RD-101 liquid propellant rocket motors. We are
now in a position to ‘‘refine’’ these previous CIB-locus esti-
mates, allowing for the full† mass- and energy-transfer rate
coupling between the bivariate fuel droplet population and
the self-consistent vapor phase (xi,e, Te) in the chamber.

Figure 5. Steady-state mass-weighted number density
distribution function: l n(l, x) vs. (ln l, x) cor-
responding to Damvap 5 1 under prescribed
(constant) chamber conditions (Table 1).

Figure 6. Fuel droplet vaporization Damköhler number
vs. reference vaporization Damköhler number.

†Of course, our basic mathematical model (second section) presently incorporates
deliberate simplifications readily relaxed in our future bio-fuel combustion calcula-
tions. Here, we merely mention two in this category: (1) Our approximate inclu-
sion of liquid phase solution nonideality via the use of temperature-insensitive
nonunity activity coefficients inferred from available p ¼ 1 atm azeotrope data at
351.45 K. We are currently exploring and will ultimately introduce a rational way
to estimate T-dependent EtOH and H2O activity coefficients much above 400 K.
(2) Our explicit neglect of combustion product dissociation—i.e., our current
‘‘exclusion’’ of such vapor species as: OH(g), H(g), O(g), etc., whose presence
will inevitably correspond to systematic reductions in both predicted combustion
gas temperature and mean molecular weight. Even when the oxidizer is O2(g)
rather than air, dissociation will be suppressed at high enough pressures.
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‘‘Condensation-induced droplet boiling’’ imposes an inter-
esting limitation on the ‘‘allowable’’ EtOH content of the fuel
for ‘‘ordinary’’ steady-state adiabatic operation. Our present cal-
culations reveal that V-2 operating conditions (with xL

1 ¼ 0.75,
U near 1.1, and p ¼ 15 atm) were quite close to the previously
estimated CIB-locus (see Figure 1 of Ref. 10). An intriguing
corollary of this finding is that the purpose of 25 wt % water
in the V-2 thrust chamber fuel may not have been exclusively
to improve its regenerative (and ‘‘film-’’) coolant properties
(see also, Rosner and Arias-Zugasti)10.

Does the unconditional spray size distribution
remain log-normal?

Although we have deliberately avoided imposing such
assumptions, some approximate methods for rapidly solving
population balance problems exploit the presumption that the
‘‘shape’’ of the continuous DSD remains approximately
invariant—e.g., log-normal (see, for example, Vemury and

Pratsinis,11 Rosner and Tassopoulos,12 and Bensberg et al.13)
In this case, this would amount to the assumption that the exit
DSD is also log-normal, albeit with a reduced geometric
mean volume and perhaps, altered spread parameter. As the
evaporation rate laws governing binary droplet diffusion-con-
trolled evaporation are not as simple as ordinary ‘‘power-
laws,’’ we should not expect to ‘‘preserve’’ log-normality. On
the other hand are such departures likely to be appreciable?

For these reasons, an interesting modeling question, which
we are now in a position to answer, is: If the feed DSD is
log-normal how ‘‘distorted’’ is the unconditional DSD of the
surviving droplets (emerging from the combustion chamber)?
In each case, these unconditional DSDs can be calculated
from our characteristics-computed NDDFs because: (1) we
know how the droplet mass density depends on both x1 and
T, and (2) recall that T ¼ TWB(x1; p).

There are several ways to quantify DSD-‘‘non-lognormal-
ity.’’ Qualitatively, one can, say, compare the dimensionless
distribution function hvin(v)/Np vs. v/hvi on semi-log

Figure 8. Combustion efficiency (left) and dimensionless combustion intensity (right) vs. fuel vaporization Damköh-
ler number (Solid curve corresponds to present bivariate spray model, broken curves correspond to
‘‘pseudo-unary’’ approximation1).

Figure 7. Model-predicted steady-state chamber composition (left) and absolute temperature in Kelvins (right) vs.
fuel vaporization Damköhler number.

Composition shown: far-field mass fractions of ethanol (zero), oxidizer (which reaches a value very close to zero for Damvap ¼ 3.73),
H2O (0.44 for Damvap ¼ 3.73) and CO2 (0.56 for Damvap ¼ 3.73).
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coordinates, and look for non-Gaussian features, if not multi-
ple modes. In this case, we have chosen to demonstrate non-
log-normal behavior by examining the normalized dimen-
sionless lowest order moments of the unconditional DSD
function in terms of droplet mass hlki/hlik (computed using
Eq. 39, with a ¼ k between 0 and 6, and b ¼ 0), as com-
pared with the corresponding moments of the log-normal
distribution fitted to reproduce the first three moments (hlki
with k ¼ 0, 1, 2). Results are shown in Figure 10, where the
natural logarithm of these moments has been plotted for sev-
eral vaporization Damköhler numbers. The results shown in
Figure 10 are based on the (self-consistent, QS) DSDs shown
in Figure 9. Recalling that the feed unconditional DSD in
terms of droplet mass considered in the present calculations
is log-normal, it is natural to expect that the computed self-
consistent steady-state DSD in the combustion chamber must
remain near-log-normal in the limit of low vaporization
Damköhler numbers. This is indeed observed in Figure 10.
On the other hand, Figure 10 shows that the difference
between the real DSDs and their corresponding log-normal
best-fits increases very rapidly with the vaporization Dam-
köhler number, as expected. Actually, even for Damvap as
low as 0.20 the relative error in the third normalized dimen-

sionless moment (related to the symmetry of the NDDF) is
already higher than 17%, and, of course, this error increases
very rapidly with moment index as well as with Damvap.

In summary, the present idealized analysis shows that,
even if the feed DSD is log-normal for droplet mass, the
steady-state DSD in/exiting from the combustion chamber is
not log-normal. Significant differences between the real DSD
in the combustion chamber and the log-normal best fit
should be expected for Damvap-values of order unity or
higher.

Possibility of a ‘‘pseudo-unary’’ approximation?

In this work, emphasizing performance of the liquid ‘‘bio-
fuel’’ EtOH, we have emphasized the true bivariate nature of
such spray combustors. However, because these generaliza-
tions of our earlier univariate analysis (Rosner et al.1) clearly
increase the mathematical and numerical complexity of the
problem, it is natural to inquire if some ‘‘pseudo-unary’’ rep-
resentation of such a fuel could lead to reasonable perform-
ance estimates with much less computational effort and
shorter ‘‘turn-around’’ times. This possibility can now be
investigated using our present ‘‘numerically exact’’ bivariate

Figure 9. Self-consistent steady-state number density (joint-) distribution functions corresponding to Damvap 5
0.184 (left), 1.178 (center), and 3.726 (right) as function of dimensionless droplet mass and composition
(top) or dimensionless droplet diameter and wet-bulb temperature (bottom).
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results. For brevity, we limit ourselves here to only one such
example, explored for the ‘‘base case’’: feed U ¼ 1.1, p ¼
15 atm, xL

1 ¼ 0.75, feed d32 ¼ 30 lm, rG ¼ 2. Imagining
that this fuel behaves like a single substance with the ‘‘effec-
tive’’ heat of vaporization: Leff ¼ xL

1 L1 þ (1 � xL
1 ) L2, etc.

and neglecting the actual tendency for such droplets to
change their composition during their vaporization lifetimes,
we can formally make idealized spray combustor efficiency
and intensity predictions using the methods of Rosner et al.1

The (limited) ‘‘success’’ of this type of approximate method
when applied to the V-2 test problem is demonstrated in
Figure 8, where these two indices are shown as a function of
the vaporization Damköhler number. As can be seen, as the
best possible ‘‘pseudo-unary’’1 approximation (fitted to have
the correct overall heat of combustion and Damvap) is able
to predict the fraction vaporized to within ca. 5% (Figure 8,
left), it fails to provide a reasonable prediction for the com-
bustion intensity (Figure 8, right) irrespective of the magni-
tude of the vaporization Damköhler number.

We conclude that the ‘‘pseudo-unary’’ approximation,
often used in spray combustion modelling, fails to accurately
predict the (volumetric chemical energy release) performance
of composition-varying fuels, as in the case of the EtOH-
based fuel-fired spray combustors considered here. Similar
results can be expected for other liquid fuels, comprised of
fully miscible blends of many liquid components with differ-
ent volatilities. In such cases, a ‘‘continuous mixture’’
approach can provide an accurate approximation at reasona-
ble computational cost.12,14

Defense of present approximations

Many of the assumptions underlying our present idealized
spray combustor model (i.e., well-(‘‘jet-)stirred reactor,’’
droplet vaporization-controlled chemical energy release rate,
continuous, adiabatic,…) were already itemized and
defended in Rosner et al. 1 For this reason, we focus here on
those assumptions important to our present generalizations to

capture the behavior of two-component fuel droplets—here
EtOH þ H2O—where the components are fully miscible but
have unequal volatility and form noticeably nonideal liquid
solutions (Rosner and Arias-Zugasti10). Recalling relevant
portions of our second section above, these particular
assumptions can be identified as: (A1) QS vapor phase diffu-
sion-controlled fuel droplet evaporation rates; (A2) each
droplet remains internally well-mixed throughout its evapo-
rative lifetime; (A3) local VLE exists throughout its evapora-
tive lifetime. Of course, each of these assumptions has been
introduced because it enables the simple quantitative treat-
ment of an otherwise more complex situation. In this class
of applications, these simplifications are, mercifully, justifi-
able, for the reasons stated below.

Taking these in turn:
A1. As discussed in Ref. 1, the dimensionless parameter

governing departures from the QS-approximation can be
written in terms of the prevailing mass density ratio and
driving force parameter Bm (see Eq. 3 of Ref. 1); i.e.,

e � 2

p
� qG
qL

� ln 1þ Bmð Þ
� �1=2

(88)

and e becomes non-negligible when the chamber pressure is
high enough to be ‘‘trans-critical.’’ In the class of applica-
tions, we are considering chamber pressures were near
(‘‘only’’) 15 atm, whereas the ‘‘pseudo-critical’’ pressure for,
say, 75 wt % EtOH, 25 wt % H2O is as high as ca. 63 atm.
Indeed, we estimate that the parameter e never exceeds about
0.07 for our base case—corresponding to non-QS effects on
isolated unary droplet evaporative lifetimes in a constant
vapor environment less than about 7 pct. On this basis, our
exploitation of the QS-approximation to provide convenient
rate laws for _m1 and _m2 appearing in the bivariate PBE
(Eq. 16) is considered reasonable.
A2. Although the molecular thermal conductivity ratio

k(gas)/k(L) is small enough so that each fuel droplet may be
considered nearly isothermal at any instant, it is likely that
our internally well-mixed approximation tends to systemati-
cally over estimate the EtOH mole fraction x1 at r ¼ R(t)
and, hence, systematically under estimate the complementary
H2O mole fraction there.

In the absence of appreciable internal circulation, the
dimensionless Peclet group governing internal (liquid phase)
mass diffusion limitations can be written:

PeLm ¼ R _R
�� ��

D12ðLÞ;ref
(89)

where R(t) is the droplet radius, D12(L),ref is an appropriate
liquid-phase molecular binary Fick diffusivity. For QS diffu-
sion-controlled evaporation (see A1 above), this can be shown
to be equivalent to the size-independent and (explicitly) pres-
sure-insensitive product of a large and small number, i.e,:

PeLm ¼ D1�mixðGÞ;ref
D12ðLÞ;ref

� p
2
e2 (90)

where e is the aforementioned non-QS parameter. Inserting,
a D12,ref(L)-value near 2 � 10�8 m2/s, under V-2-like condi-
tions PeLm seems to be of O(1), despite the smallness of e.

Figure 10. Momens of the unconditional, self-consist-
ent, steady-state droplet size distributions
in terms of droplet mass (dots joined by
straight dashed lines), compared with the
moments of the corresponding size distribu-
tions fitted to a log-normal distribution
(solid lines); for Damvap 5 0.184, 1.178, and
3.726.
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On this preliminary basis such droplets would not be molec-
ularly ‘‘well-mixed’’—justifying future attention to relaxing
this particular assumption. For the present, however, we note
that the numerical value of D12(L),ref is itself rather uncertain,
and in practice there may be sources of convection within
droplets that facilitate the internal mixing process [indeed,
under actual propulsion conditions the limit we consider
may be more realistic than the opposite (less tractable) limit
of exclusively radial liquid phase molecular diffusion]. In
any case, given our overall objectives, these facts, combined
with the computational simplicity of the internally well-
mixed limiting case, explain the modeling choice made here.
A3. For our present engineering calculations, considering

nonequilibrium QS-state droplet evaporation (here with a net
mass flux and non-zero Fourier energy flux) is not actually
incompatible with our present approximation of local VLE
at the vapor/liquid interface. In effect, we are simply
neglecting the interfacial resistances to mass and energy
transfer compared with those in the moderately dense adja-
cent vapor phase (see, e.g., Rosner and Papadopoulos15).
This is the usual situation for physical as opposed to chemi-
cal interfacial transformations, especially when the vapor
molecular mean-free path is extremely small on the scale of
the vapor-phase diffusion boundary layer thicknesses. This
follows from the fact that molecular evaporation coefficients
in such chemically simple liquids are not likely to be much
smaller than O(1).16

One remaining assumption underlying our V-2 illustrative
calculations is also noteworthy. Although we have here
focused on the evaporation rate of the fuel droplets, the V-2
spray combustor was actually a ‘‘bi-propellant’’ system—
meaning that both the oxidizer [here O2(L)] and fuel entered
the combustion chamber as liquids. In effect, we have there-
fore assumed that tvap,O2(L)

� tvap,F, where the ‘‘Fuel’’ is
(here) EtOH (þ 25 wt pct H2O)—i.e., we have assumed
rapid O2(L) droplet evaporation. Put another way, O2(g)
‘‘availability’’ for EtOH vapor phase combustion was not
considered to be a performance-limiting rate process.

At first glance, this seems ‘‘plausible’’ (because the latent
heat of fuel vaporization, LF is about 5.6 times that of LO2(L)

),
but the fact that it is the ln(1 þ Bm)-ratio that ‘‘counts’’ (see,
Eq. 88) leads to the (somewhat surprising) result that, if
d32O2(L)

were actually equal to d32F, the O2(L)/F tvap-ratio
would be as large as about 0.6 under such conditions.

However, it is possible to defend this particular assump-
tion because a comparison of the remaining physical proper-
ties (liquid surface tension, viscosity, and density) of O2(L)
and this fuel suggests that d232O2(L)

will be much smaller than
d232F—probably enough to make the aforementioned tvap-dis-
parity at least first order-of-magnitude. This can be quanti-
fied using what is known about pressure-driven ‘‘atomizer’’
performance, conveniently reviewed by Lefebvre.17,18 For
example, one cited correlation (attributed to El Kotb (1982))
indicates that: d32 � (lL/qL)

0.385 � (qLcL)0.737. We estimate
that the surface tension of this fuel is higher than that of
O2(L) by a factor of about 2.1 (at their respective injection
temperatures) and the viscosity is probably higher by a fac-
tor of 4.2, whereas, as is better known, the fuel density is
lower than that of O2(L) by the factor of only about 1.3-
fold. Combining these ratios and power-law dependencies
leads to the conclusion that (for comparable injector pressure

drops and hole sizes) d32F will be larger than d32O2(L) by a
factor of about 2.8. Therefore, if both evaporation rate proc-
esses are vapor phase (heat) diffusion-controlled, the charac-
teristic oxidizer droplet vaporization lifetime will be smaller
than that of the fuel by somewhat more than one decade.
However, as beyond the scope of our present work, these
estimates suggest that future attention will have to be
directed to the performance consequences of non-disparate
vaporization times in bipropellant liquid systems—as in the
case of, say, hydrazine/nitrogen tetroxide.

Conclusions and Broader Engineering
Implications

In this work, the steady-state, bivariate NDDF for fuel
droplets (comprised of EtOH containing H2O, assumed inter-
nally well-mixed) in the combustion chamber of a particular
class of idealized high-pressure spray combustors (the V-2
liquid propellant rocket motor) has been computed, probably
for the first time. Our mathematical method is based on solv-
ing the corresponding population-balance PDE using the
method-of-characteristics, together with overall mass and
energy balances that relate the chamber gas temperature and
composition to the amount of fuel vaporized and burned.

Although our mathematical model is based on important
idealizations, the methods used are self-consistent, and enable
the extremely efficient/accurate calculations of important over-
all combustion performance indices, such as combustion effi-
ciency (relative amount of fuel vaporized and burned) and
combustion intensity (volumetric chemical energy release
rate), as functions of the combustor control parameters (i.e.,
droplet vaporization-based Damköhler number (analyzed in
detail here), or chamber pressure, feed fuel droplet size (and/
or composition) distribution function, fuel-substitution, etc.).

Our illustrative results show that to accurately predict the
vaporization rate-controlled combustion intensity for spray
combustors using composition-varying fuels (e.g., even liq-
uid EtOH, considered here), it is necessary to introduce state
variables that transcend droplet size. Our results also show
that the common approximation of an invariant ‘‘presumed-
mathematical-form’’ for the droplet NDDF leads to errors
that increase rapidly with the vaporization Damköhler num-
ber, becoming unacceptable at Damköhler numbers associ-
ated with acceptable efficiency levels.

We believe that this class of population-balance-based
mathematical models will be useful to (1) set instructive
bounds on the achievable steady-state performance of ‘‘real’’
spray combustors, (2) economically map out the sensitivity of
spray combustor performance to a large number of important
control parameters, and, perhaps most important, (3) guide the
development of future ‘‘sufficiently comprehensive’’ mathe-
matical models to facilitate the future development of this
interesting class of multiphase chemical reactors.2

Principal conclusions of present study

We expect qualitatively similar behavior for the case of
the ‘‘sister’’-fuel: methanol (MeOH) þ H2O, not explicitly
studied here. In other applications, partial ‘‘fuel substitution’’
may be motivated by the opportunity to ‘‘incinerate’’ a sol-
vent (like impure benzene) perhaps uneconomical to recover,
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but readily dissolved in the primary liquid fuel (e.g., kero-
sene-like) fed to an incinerator. In this connection, we also
note that biofuel synthesis and downstream processing often
produce a mixture of isomers—e.g., several butanols, along
with inevitable impurities (e.g., acetone,…)

Although there appears to be no conceptual or procedural
obstacles to using our present characteristics-based numerical
scheme to treat combustors fired with sprays containing 3, 4,
5,… species, when this number becomes impractically large,
resort can be made to a rational choice of fewer ‘‘pseudo-
species’’ using the methods of continuous mixture thermody-
namics/transport (see, e.g., Rosner et al.19 and Arias-Zugasti
and Rosner14).

Present mathematical model as a convenient ‘‘test-bed’’
for the economical examination of conjectured
simplifying approximations (pseudo-unary,
internal-diffusion, bivariate QMOM,. . .)

As illustrated in the former section, our bivariate mathe-
matical model of EtOH spray combustors can serve as a
convenient ‘‘test-bed’’ for the economical examination of
conjectured, often plausible, simplifying approximations.
There we briefly examined the success of a univariate
(‘‘pseudo-unary’’) QS-representation of the present situa-
tion—as was found to be appropriate for the spray combus-
tion of, say, dodecane-like fuel in a combustor chamber at
pressure levels not much greater than 10 atm (or ca. 1 MPa).

Another simplification exploited in this work is that of the
‘‘internally well-mixed’’ droplet—i.e., neglect of intra-drop-
let mass-transfer limitations. Although the nature/success of
this approximation has been studied for a single multi com-
ponent droplet (see, e.g., Landis and Mills20 and Shaw
et al.21), to our knowledge, there are no definitive studies of
the effect of this particular simplification for actual spray
devices fed with a distribution of droplet sizes. We view this
as but one of several attractive opportunities for future
research (see former sub-section) because the present frame-
work already provides one of the two important limiting
cases (in terms of a Peclet number based on droplet surface
recession velocity, droplet radius, and liquid phase Fick dif-
fusion coefficient).

In short, we believe this strategy to be a cost-effective
route to more faithful spray combustor modeling methods
(see, e.g., Rosner2). It amounts to using this class of ideal-
ized spray combustors as an economical and unambiguous
platform for evaluating the effects of important simplifying
approximations—information that might otherwise be
obscured, if not falsified, by additional modeling assumptions
and numerical algorithms entering more ‘‘comprehensive’’
performance codes with vastly longer ‘‘turn-around times.’’

Instructive extensions (based on present/recent
experience and/or anticipated future interest)

This bivariate population-balance study, along with its im-
mediate univariate predecessor (Rosner et al.1), sets the stage
for interesting and potentially important extensions—several
of which have already been briefly mentioned above (tests of
bivariate QMOM, and the distinct assumptions of ‘‘pseudo-
unary’’ and intradroplet well-mixed behavior), already initi-
ated. Beyond this, there are potentially instructive trivariate

examples (e.g., EtOH þ MeOH, or such ternarys as C7H16

þ C12H26 þ methyl tertiary butyl ether, etc.). More com-
plex fuel blends could be dealt with using the powerful for-
malism provided by ‘‘continuous mixture theory’’ when
extended into the transport-domain (see, e.g., Arias-Zugasti
and Rosner14).

For completeness, we should mention a rather different
class of extensions, also be of interest—viz., the conceptual
addition of a downstream adiabatic ‘‘plug-flow’’ reactor,
which receives the output of our present ‘‘jet-stirred’’ pri-
mary reactor and enables an acceptably large fraction of the
liquid fuel to ultimately vaporize and burn. Earlier theoreti-
cal studies of such 2-module representations of real combus-
tors (see, e.g., Bragg,22 Avery and Hart,23 Rosner,2 Rosner
et al.1) demonstrated that such an ‘‘add-on’’ plug-flow-mod-
ule in series would increase the overall combustor ‘‘effi-
ciency’’ at the expense of overall combustor ‘‘intensity.’’
Our present bivariate PBE-formulation and QS-droplet va-
porization rate laws would enable such efficiency vs. inten-
sity ‘‘tradeoffs’’ to be studied for important bio-fuels, per-
haps for the first time.

Additionally, our discussion above about the disparity in
the evaporation rates of EtOH (þH2O) droplets compared
with oxidizer droplets also suggests that it would be in-
structive to extend our present PB-methods to explicitly
study bipropellant systems where both characteristic evapo-
ration times are comparable—e.g., systems using the ‘‘stor-
able’’ liquid oxidizer N2O4(L). In such cases, currently
under investigation, there would be two droplet populations
to consider simultaneously, both ‘‘coupled’’ via their shared
vapor phase.

Concluding Remarks

As recently reviewed more thoroughly (Rosner2), the vari-
ety/complexity of spray combustors, together with the lim-
ited body of well-characterized/documented performance
data in the public domain, continues to challenge design
engineers. Yet, mathematical/numerical models, including
the rather simple ones illustrated here, can provide valuable
information about how device performance will depend on
such factors as: combustor volume, inlet conditions, fuel
properties, and injector performance. This information is
potentially useful not only for engineering design but also to
answer recently posed ‘‘what if’’ questions: e.g., the conse-
quences of, say, fuel substitution, O2 enrichment (in air-
breathing systems), introduction of fuel blends or alcoholic
extenders (e.g., butanol), etc. Accordingly, rational yet trac-
table computational models of this type can contribute to the
shared goal of cutting the currently high cost of new spray
combustor design and development.

In partial answer to the practitioner who may view the
present class of models as ‘‘over-idealized,’’ we believe that
our recent studies reveal the extent to which population-bal-
ance methods and idealized chemical contactor concepts,
central to a multiphase chemical reaction engineers ‘‘tool-
box,’’ can economically and relatively unambiguously dem-
onstrate the value/consequences of proposed approximations.
In this way, they can guide the economical development of
more realistic, yet tractable, mathematical models of this
class of rather complex devices. It will be especially
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gratifying if these theoretical studies motivate creative new
developments toward these shared goals.
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Notation

A ¼ Antoine equation parameter (Eq. 26, Table 2)
A ¼ auxiliary function related to _l (Eq. (30)
a ¼ dimensionless droplet radius (R/Rref)
B ¼ Antoine equation parameter (Eq. 26), Table 2)
B ¼ auxiliary function related to _x (Eq. 30)

Bm ¼ mass-transfer driving force (see Eq. 4)
C ¼ Antoine equation parameter (Eq. 26), Table 2)
cp ¼ specific heat at constant pressure
c ¼ dimensionless specific heat at constant pressure (cp/(Lref/

Tref))
D ¼ Fick diffusion coefficient

Dam ¼ (reference) Damköhler number (tres/tvap)
d32 ¼ Sauter-mean diameter16

F (Pem) ¼ [ln (1 þ Bm)]/Bm

k ¼ Fourier thermal conductivity
Li ¼ latent heat of vaporization of species i

Lref ¼ reference scale of specific energy (L1 (Tb,1))
Li ¼ dimensionless vaporization latent heat (Li/Lref)
m ¼ total droplet mass (m1 þ m2)

mref ¼ characteristic mass (4p
3
R3
ref q

L
ref )

M ¼ molecular weight (see Table 2)
n ¼ number density distribution function of the steady-state spray

in the chamber
nF ¼ NDDF of the ‘‘feed’’ spray
N ¼ total number of droplets per unit volume in the combustion

chamber
NF ¼ total number of droplets per unit volume in ‘‘feed’’ spray

(corrected to chamber conditions)
p ¼ constant chamber pressure

psati ¼ saturation pressure of species i
Pem ¼ mass Peclet number (see Eq. 3)

R ¼ droplet radius
Rref ¼ characteristic length (d32/2)
R ¼ universal gas constant
t ¼ time

tres ¼ characteristic residence time (qch/ _mout
V )

tref ¼ reference time (tvap)
tvap ¼ characteristic QS vaporization time of a d32 droplet under

reference conditions ((1/3) � (qLref /qref) �(R2
ref /Dref0

))
T ¼ temperature

Tb,i ¼ boiling temperature of species i at current chamber pressure
Tref ¼ characteristic temperature (Tb,1)
TWB ¼ wet bulb temperature

xi ¼ mole fraction of species i
Z ¼ pV/(RT)

Greek letters

ci ¼ activity coefficient of species i
d( ) ¼ Dirac ‘‘delta’’ function
di ¼ Di,f/Dref

y ¼ dimensionless temperature (T/Tref)
k ¼ dimensionless thermal conductivity (k/kref)
l ¼ dimensionless droplet mass
q ¼ mass density

rG ¼ geometric standard deviation
s ¼ dimensionless time (t/tref)
U ¼ effective chamber equivalence ratio ((F/O)/(F/O)stoich)
x ¼ droplet mass fraction of ethanol
xi ¼ mass fraction of species i
xF ¼ mass fraction of ethanol in ‘‘feed’’ spray

Subscripts and superscripts

0 ¼ at initial time
1 ¼ pertaining to species 1: ethanol
2 ¼ pertaining to species 2: water
3 ¼ pertaining to species 3: CO2

4 ¼ pertaining to species 4: oxygen
c ¼ corresponding to the critical point
e ¼ at exterior (‘‘far’’ field for single droplet) gas conditions
F ¼ pertaining to the fuel ‘‘feed’’ spray
f ¼ at average ‘‘film’’ value in the gas (given by the 2/3 rule:

Xf ¼ (2/3) Xw þ (1/3) Xe)
L ¼ pertaining to the liquid (spray) phase
ref ¼ characteristic reference conditions
S ¼ pertaining to the unvaporized fuel spray that leaves the

chamber
vap ¼ vaporization-based
V ¼ pertaining to the vapor phase
w ¼ at droplet surface

Abbreviations/acronyms

DSD ¼ droplet size distribution
EOS ¼ equation of state
EtOH ¼ ethanol
MeOH ¼ methanol
NDDF ¼ number density distribution function
PBE ¼ population balance equation
PDE ¼ partial differential equation

QMOM ¼ quadrature method of moments
QS ¼ quasi-steady

stoich ¼ corresponding to stoichiometric conditions
VLE ¼ vapor–liquid equilibrium
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